In this paper, we use a thin filament two dimensional Gaussian beam to model the self-trapping filament. The instability of the propagation of a Gaussian beam through a nonlinear refractive index media is investigated, theoretically and numerically. Specifically, the small scale instability of the beam is examined. The numerical results show that the propagation of the two dimensional Gaussian beam presents one or more nonlinear focal points. 
Introduction
Generally, in the field of plasma physics, nonlinear optics has been extensively used in investigating the light propagation in dispersive, diffractive, and nonlinear media. The theoretical foundation for the analysis of nonlinear pulse propagation is the Nonlinear-Schrödinger equation [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] . This equation can, in principle, be solved using the inverse-scattering technique. However, the corresponding solutions are not explicit except in the special cases of the soliton solutions. In addition, the approximate solution may be obtained by assuming the light wave has Gaussian characteristics [11] [12] [13] [14] [15] . In this paper, motivated by the requirements of the design of high power solid laser * E-mail: zchy49@sohu.com system for plasma physics, we restrict our research on the propagation of a Gaussian beam in nonlinear media, aim to find the explicit analytical solution which can help us to analyze the instability of laser beam and estimate the beam quality by the output power density (PSD) from a high power device. Self focusing and associated phenomena arise because the index of the glass itself is dependent upon the beam intensity. This fact leads to a host of observed effects, all deleterious to laser performance at high power [16] [17] [18] [19] [20] [21] [22] [23] . The beam break-up on a small scale seriously damages the optical material. Bespanov et.al [21] first introduced the B integral and the small scale instability concept, but they only obtained the growth rate formula. The assumption of a one dimensional plane wave disturbance seems unsuitable to describe the self-trapping filament structure. In reference [20] , a perturbation treatment of a Gaussian beam passing through a nonlinear medium has been given, but small scale instability was not discussed. In this paper, we use a thin two dimensional Gaussian beam to model the self-trapping filament. In Section 2, the quasi-stability theory for Gaussian beam propagation in a nonlinear media is presented, and the analytical solution is derived using the paraxial assumption, the incident wave satisfies the condition that the minimum spot size occurs at the minimum value of plane wave phase. Based on this solution, we analyze the instability of the beam due to a small disturbance, and evaluate the growth rate of the instability in two dimensions. For the case when the initial condition is not satisfied, the general solution of the propagation of a two dimensional Gaussian beam is derived in Section 3. The numerical calculation results are displayed in the figures in Section 4. In Section 5, the main conclusions are outlined.
Let us consider the incident laser beam to be an equal phase Gaussian intensity profile. The solution of our problem can then be assumed to have the following form
where , are called the complex radii of curvature, which are both a function of . Substituting Eq. (4) into Eq. (3), using the paraxial approximation, yields the following equations for and
If the Gaussian beam has a complex beam parameter
we can split Eq. (6) into real and imaginary parts leading to the following equation
Integrating over all , we get
Considering the boundary condition = 0, the incident wave satisfies the condition that the minimum spot size occurs at the minimum value of the plane wave phase. We now look for solutions of Eq. (7) of the form
Substituting the last expression into Eq. (8)
When = 0, Y 0 = λ/πω 2 0 , substituting this into Eq. (7)
Comparing Eq. (10) with Eq. (7), we can express and
Eq. (5) can be rewritten as
At the beam waist ( = 0), the wave front is that of a plane wave, the radius of curvature R → ∞, that corresponds to 0 = 0, we obtain
A solution of Eq. (4) is
The general solution of ψ( ) can be seen in Appendix A.
The analysis of instability on selffocusing
We now consider the Gaussian beam as described by Eq. (4). The beam parameters R and completely specify the geometry of a Gaussian beam, and knowing them, we can calculate the field at any point in a beam of radiation of wave length λ and frequency ω 0 . When the incident wave surface is plane and minimum spot size occurs at = 0, from Eq. (7), we have
If the above mentioned conditions are not satisfied, and the deviation is small, the solutions can be expressed as X = X + δX , Y = Y + δY , substituting these expressions into Eq. (1), after linearization, we find
Assuming δX / = γδX and δY / = γδY , γ is the two dimensional gain
where
The two dimensional gain is γ = 2X ±2Y Q − 1. When X = 1/R ≈ 0, the two dimensional gain formula reduces to the one dimensional case, which is derived by using the model of plane wave expansion [21] cm 2 /GW, B = 0 05L for I = 2 GW/cm 2 . The maximum gain occurs at λL/πω 2 0 = B/2, which corresponds well with the experimental results. Now we return to find out the general solution of Eq. (7). If the initial condition is not satisfied, we may adopt a perturbation treatment
At = 0, the deviation denoted by X = ∆(0)/ = 1/R 0 = 0, from Eqs. (7), (11) and (16) 
Combining Eq. (20) and Eq. (21), we obtain
Substituting it into the first formula of Eq. (21), we have
Because ( , namely below the self-focusing threshold; the dashed curve corresponds to = −10 5 , namely above the self-focusing threshold. For reference, Fig. 2 presents the dependence of Y −1 versus in the case of no disturbance δX = 0. The comparison between Fig. 1 and Fig. 2, leads to a conclusion that the curves below and above threshold are essentially the same, whereas the dot curve shows that the δX = 0 curve possessing two spot size minima, is more complicated than the δX = 0 curve possessing one minimum. The physics behind the instability lies in the thin filament two dimensional Gaussian beam, and its boundary condition. For above threshold, when the boundary condition is satisfied, we have one spot solution, on the other hand, if the above condition is not satisfied, then more than two spot solutions may be expected. The different results manifest in the complicated energy transfer process between the beam and medium. 
Conclusion
We have found the analytical solution of the propagation of a Gaussian beam in self-focusing nonlinear medium using the paraxial approximation and the incident wave satisfying the initial condition that the Gaussian beam phase being a plane wave and having a minimum spot size simultaneously at the boundary = 0. If the initial conditions are not satisfied, and the deviation is small, the solutions can be expressed by X = X + δX , Y = Y + δY , substituting the expression into Eq. (7). After linearization, we find the small scale instability growth rate for a two dimensional Gaussian beam, which is in agreement with that obtained by Bespanov [21] using the one dimensional plane wave model. However when the deviation is not small, the linearization approximation can not be used. in the case of δX = 0, we can see more than one focus, whereas in the case of δX = 0 only one focus can be observed. The physics behind the instability lies in Eq. (7) and its initial condition at = 0. The situation observed in the results for δX = 0 and δX = 0 shows the complicated energy transfer between the light beam and the medium. We used Eqs. (2) - (5) to solve the self-focusing of light propagating through a nonlinear medium. The equations are the same for both solid and liquid media. The changes lies in the refractive index 0 and nonlinear refractive index 2 [19] . Thus our model can be used for either solid or liquid media by substituting the corresponding refractive and non refractive index into the correct numerical calculation.
Appendix A
The general solution of ψ( ) is
Eq. (3) turns to
Eq. (A2) turns to
We also note that 
